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The concept of a k-sequential graph is presented as follows. A graph G with IV(G) U 
IS(G)1 = t is called k-sequential if there is a bijecti. jn f: V(G) UE(G) + (k, k + 1,. . . , t + k - 1) 
such that for each edge e’ = ny in E(G) one has f(Z) = if(x)-f(y)]. A graph that is l-sequential 
is called simply sequential, and, in particular the author has conjectured that all trees are 
simply seque&al. In this paper an introductorr study of k-sequential graphs is made. Further, 
several variations on the problems 43f gracefully or sequentially numbering the elements of a 
graph are discussed. 
In 1963 R&e1 [16] conjectured that if T is any tree with n edges, then the 
complete graph K2n,_1 can be decomposed into 2n + 1 subgraphs isomorphic to I’. 
Kotzig later introduced a strengthened form of this conjecture, as noted In [17] by 
Rosa who was the fiH to study various ways of numbering the vertices of 7’. In 
1968 Golomb [8] helped to popularize this question, and he introduced the more 
general problem of determining which of all grq:hs are “gaceful.” (If tr:e T with 
n edges is graceful, then k2R+1 can be decomposed into 2n + 1 copies of T.) A 
detailed history of these questions and related! results appears in Bloom [3]. An 
excellent discussion of a wide variety of applications of numbered graphs is 
presented by B:loom and Golomb [4], and anotlker survey of the theory of graceful 
qaphs and some related problems is presented by Bermond [2]. 
A gruc@ nurnbrring for a graph with pz vertices and e edges is a one-to-one 
assignment of a, subset of the numbers (0, 1, . . , e) to the t2 vertices in such a way 
that the edges receive ail the numbers from 1 to e, where the number of an edge is 
comptited to be the absolute value of the d.%erence between the vertex numbers 
at its endpoints. A graph thalt has a graceful numbering 1s called a gracefil graph. 
(Ringel-Kotzig-Rosa). All trees ar,: graceful. 
Motivated to a large degree by this conjecture, the study of graceful graphs has 
been extensive and widespread. !vIany results have established thaL certa:in classes 
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CoroIky 3 (Hoede and Kuiper [MI], Frucht [711). AU wheek are grucefil. 
While Theorem 1 was used simply to establish Corollary 3, the connection 
between l-sequential graphs and graceful graphs is, of course, stronger. 
I’heorem 4. Graph G is l-sequential if mnd only if G-!-a is graceful by a total 
numbering f with f(u) = 0. 
Proof. -4ssume G is l-sequential and note that (E(G + u)l = IV(G)\ +!E(G)I. 
Simply extend a l-sequential numbering f of V(G) by assigning 0 to veTtex 21. In 
G + t) !:sch edge of G retains the same value f(Z), and if (u, v) E E(G G u), then 
f(E) in G + t) equals f(u) in 6;. Hence we have a graceful numbering of G + w. 
Tlhe converse is equally straightforward. Assume f is a graceful numbering of 
G + t, with f(u) = 0. For each vetiex u E V(G) we have edge e, = (24, U) with 
f(~) = f(u), and hence the restriction of f to G is a l-sequential numbering. 
a 
As indicated by the next theorem, the cc)nnection between graceful trees and 
simply sequential trees is amazingly strong. 
Theorem 5 [19]. A tree 1’ is graceful if and only if 7’ is simply sequential via a 
function f’ such that f’(e) is odd for each u E V(T). 
Proof. If f is a graceful numbzing of a tree T with n vlerW&;, then f’ defined by 
f ‘(II) = 2f(v) + 1 f or ertch v t: V(T) extends to a simply sequ tial numbering of 
V(T) U E(T) with f ‘( V(T)) = (1,3,5, . . . ,2n + 1). Converse’ if f’ is a simpb 
sequentiti! fun&on with f’(o) odd for each o E V(T), then ‘,?’ defined by f(v) = 
&f’(e) - 1) is a graceful numbering of T. 0 
Cou@ture f19]. All trees are simply sequential. 
7 1 3 7 2 6 6 
5 3 5 
Eight l-sequential 1 or 6 7 3 or 4 
numberings with cen- 
tral vertex assigned 
a 7. 
Fig. 2. The ele-/en simply sequential numberiigs of K,,,. 
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A:, noted in [l], one: expects tBere to be many more simply sequential 
numberings of a tree than graceful numberings of a tree because of Theorem 5. 
For example, only two of the eleven simply sequential labellings of K1,S in Fig. 2 
have f(u) odd for all vertices v. Thus this conjecture may we11 be easier to prove 
than the long intractable Ringel-Kotnig-Rosa conjecture. 
3. k-Sequesltial graphs 
Since K, is not graceful for n > 5, by Theorem 1 if KY,, is l-sequential, then 
n s 3. Fig. 3 shows how one can make M1, Hir;! and K3 l-sequential. 
or 5 
3 1 
2 3 
2 
A 
4 6 
Fig. 3. 1-sequential numberings of K,, K2 and K,. 
Proposition 6. K, is 1-sequentinl if and only if n s 3. 
Prog,osition 7. If n 2 2, then K,, is not k-sequential for all k 3 2. 
PAM& Assume _Kn is k-sequential with n, k 2 2, and let f : V(K,)) UE(K,) + 
{k, k + 1, . . .,$(n+l)+k-1) be a k-sequential function. Let m = 
$n(n+l)+k-1. Assume f(V(K,,))=(Ni,1vz,...,N,} with NiCN,+1. Clearly 
N, = m. If Ivn+ = m - 1, then f (2) = 1 < k for some e’ E E(G), and if f(Z) = m - 1 
for some 2~ E(K,,), then N1 = 1~ k. In either case one has a contradiction. Cl 
eorem 8. If G is a k -sequentiaZ graph on n vertices and e 2 1 edges, then 
ksn-1. 
Proof. Assume G is k-sequential via a k-sequential function f : i’(3) LJ E(G) --) 
{k,k+l,...,n--e+k- 1) with f (V(G)) ={lVl, N2, . . . , IV,} with Ni <Ni+l. Note 
that the highest possible value of f(Z) is (n + e + k - 1) - k = n + e - 1, and, since 
there are e edge!* 3,some edge e’ satisfies f (i!) s n. Thus k 6 n. 
If, however? !c = n then some edge e’ satisfies f(Z) 2 n + e - 1, which is the 
highest possible value of f (2). Hence f (E(G)) =={n, n + 1, . . . , n t-e - I} and N1 = 
n + e. But by considering a vertex incident with the edge numbered n + e - 1, one 
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has NnWV,+(n+e-lj=(n+ej+(nfe-1)==2n+2e-1. But N,=n+e+k-1 
= 2n + e - 1 when k = n, and so e = 0, a contradiction. fl 
Fig. 4. Examples of (n - l)-sequential graphs on n vertices. 
As indicated in Fig. 4, the star &n-1 is (n - l)+equentiaI. The vertex of degree 
n - l is assigned the value n - 1, and the endpoints are numbered 2n - 
i,2n ,..., 3n-3. 
‘l’hmrem 9. The sitar &, is k-sequential if and only if k 1 n. Fwhemore, if n 3 2 
and i.4 is the vertex of degree n in ICI,, then, if f is a k-sequential @z&on for K1,, 
wit11 k 3 2, one must hatle f(u) = k. 
Proof. If n < k, then K1,, is not k-sequential by Theorem 8. Assume k 1 n. 
Assign the value rk to the vertex u of degree km = n. To the endpoints assign 
the values 2k+l,;Zk+2,. . .,3k; 4k+i,4k+2 ,..., 5k;...;2mk+l, 2mk+2, 
. . . . (2m+l)k. Thus &,,, is k-sequ.ential whenever k > 1 and m a 1 (via a 
k-sequential function f 4th f(u)= k). 
Assume k a 2. Star Kt,n is k-sequemial only if k \ n and only via a k-sequential 
function f with f(u) == k will be shown by induction. It is easily checked that ICI.3 
is not 2sequentiaI and that the number’ngs of K1,2 and &El,3 in Fig. 4 are the only 
2-sequential and ?-sequential numberings, respectively. 
Assume K1,, is k-sequential via k-sequential function f with k 22. And 
mume this is a counterexample to the theorem. Let V(&,) = (u, vl, u2, . . . , u,} 
+re deg(u) ;-- n and deg(u,) = 1 for 1 - a K ’ =s ~1. Assume that either f(u) # k or 
k 1 n, ad one cm assume f(Ui)Cf(Q+l) jfor 1 G i s n - 1. Let m := 2n + k. Suppose 
f(u) = m. If f(q,) = m - 1 and edge Z = rru,, then f(E) = 1 c k, a contradiction; if 
fG9 = m - 1 for some %E(&,) then f(u,) = 1 <k, a contradiction. Hence 
f(u,))=m. If f(u)am-k-t-l, then f(ulu,)sIm-(m-k+lj\=k-l<k, a con- 
tradiction. This implies that f(u,) = m, f(q+) = m - 1,. . . , f(q,_k+l) = m - k + 1. 
If f(u) = k (and thus k 1 n), then it is easy to see that Kl,n_k is k-sequential via 
function f’ where f’ is the restriction of f Ito &,_Iu,, ~~_i. . . , q,_k+l}m Since 
k 1 n, one has k ] (n - k), and hence, by induction, it can be assumed that this is 
not the case. Hence for f(u) = k’, one can assume that k’> k. 
Now select p (p Z= k) to be the smaIIest Ibositi\ e integer with f(u,_,) # m - p. 
Suppose p <: k’. Since f(Y)<f(Ui+,) for 1 s i s K - 1, one has f(u) # m-p for 
l~i~n. And if f(u)= k’=m-p, then l’(UZI,._,+l)=Im.-p+l-(m-p)l= lck, a 
contradiction. I-Ience f( uj = k’ < m - p. Thus f(E) = m - p for some Z E E(&,). 
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Assume Z = t1Q. Note that 11OVi f!.llj j = k’ + m - p 2 m -t 1, a contradiction. Thus 
p 3 k’, and this implies that p = k’ since f(uu,) = m - k’. 
In particular, the vaues wl,m-i,.. .,m-p+l,m-p,m--p-l,..., m-2p+ 
1 appear on vertices u,,, 2)n_+ . . . , u,,-~+~ and edges uv,,, uv,,_,, . . . , UV,,_.,+~. Con- 
sequently Kl,n_-g would also be k-sequential via function f’ which is the restriction 
of f to &,, -+?a, ‘Q-19 l l . 9 L-p+1 1. But f’(u) = f(u) = k’ > k, and again, by induc- 
tion, there is a contradiction. n 
For example, K1,,; is k-sequential if and only if k CE (1,2,3,6}. For any graph G, 
let A(G) = jk : G is k-sequential} (so that A(&,) := (k : k 1 n}), and consider the 
following question. Given a finite set S of natural numbers when can one find a 
graph G, for which A(G,) = S? It is to be noted that one can have l$ A # pl. For 
example, one can observe [l] that graph G1 from Fig. 1 is not simply sequential. 
Conje&re. For any finite set S of natural numbers there is a graph Gs such that 
A(G,)=S. 
4. Other numberings 
In this section various ways of “optimally” numbering the elements of a graph 
are defined. Let NO = M U(0) be the set of nonnegative integers. If d : S + No is 
any func9ion on a sel: S, let 
P(d) =f: max(d(s) : sES}, 
cx(d) r- min(cl(s) : SES), 
~(6) =- max{ld(s,) - d(s,)\ : sl, s2 E S}. 
For arly function h : V(G) + NO defined on the vertex set of graph G, let the 
induced function g h : E(G) + NO on the edge set of graph G be defined as 
follows. For each edge x = (u, D)E E(G), let g&) = Ih(u)- h(v)]. And let 
f,, : V(G) U E(G) + IV, he defined by 
fhb4 = 
h(w) if WE V(G), 
g,,(w) if w EE(G). 
Call function h : V(G) -+ NO a numberir.g of G if h is one-to-one and gh is also 
one-to-one. Recall that for a total numbering the function fh must be one-to-one 
and into N. (Note, however, that if ph is one-to-one into NO and fh(w) = 0, then w 
must be an iisolated vertex. Furthermore, if one now renumbers w as p (fh) + 1, 
then the numbering is “essentially unchanged.“) 
Observe that if h : V(G) + NO is a numbering and ar(h) Xl, and one lets 
h’ : V(G) + No be defined by h’(v) == h(u)-a(h), then k’ 1s also h numbering with 
g,. = th Go!o.rnb [t(] states that a numbering is sought fdr which “we wish to 
mkimize the v&.te of the largest integer assigned to any vertex,” that is, one 
wishelt; o miknize P(h). As observed, &n&x&zing P(h) is equivalent to minimiz- 
ing 7(h) for numberings h. This is-clearly not -the case when one is dealing with 
total numberings. 
6: is suggested here that one might be interested in minimizing either p or 7 for 
one of h, &I or fh and for either numberings or total numberings. Clearly for 
graph G with IV(G)1 = n and lii( S;>I = t, the: minimum possible value of r(fh) for a. 
total numbering $, is n +.e - 1. Ths a graph was defined to be selquential if and 
only if there is a total numbering 
value of 7. 
11 
fk which achieves this n&rimum theoretical 
k~ (V(K)+)) = [2,7,1O,il) 
11 
10 
IFig. 5. Total num-kin* fI and f2 of &. 
‘l’o illustrate how different functions might be required for a graph G depending 
upon what one aims to opMe, consider the two total numberings of K4 pictured 
in Fig. 5. 
P(fhl) = 12 and B(fhz) = 11; 
T(fh J =- 11 and T(fh2) = 10; 
P&l) = 12 and j3(h2) = 1% (in general, p(h) = p(fh)); 
r(hP) = 7 and T(h2) = 9; 
P(gh1)=7 and P(g&=% 
7(g,,J=6. and ~(g&=8. 
To conclude, a generalization of gracefulness i the following. Graph G is 
graceful if there exists a numbering h : V(G) -+ (0, 1,2, . . . , 4) with bijection 
g, :I P’(G) + (1, 2, . . . , e). Note that for any numbering h one has p(& aIE(G)l 
and also T(gh) 3 e - 1. In Rosa [17] it is shown that cycle c,, is graceful if aud only 
if PII =i 0,s (mod 4). In particular, the five cycle CS is not graceful, and p(gh) 3 6 for 
any numbering h of C+ Mote, however, that for the numbering h’ of C, in Fig. 6 
one has ~(a) = 4 = (E(G)1 - 1. That is, 7 can achieve the. minimum theoretical 
lirmk even when #3 can not. Defining graph G to be k-graceful if there exists a 
numbering h of G with I =IE(G)l-- 1, /3(h)Gk +e - 1, and a@(G))= 
(k,k+l,..., k + e - l), the standard definition of gracefd corresponds to l- 
gracefulness. 
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Fig. 6. 14 2-graceful nun&zing h’ of the five-cycle. 
As noted in 6oloImb [8] it is easy to see that for any function h : V(G) + No if 
C is a cycle in G, then :<xEE(Cj g,,(x) =O (Imod 2). This can be use13 to prove the 
following theorem. 
Theorem 10. For n a 1, cycle C4n-1 is not k-graceful if k is even ;’ qde C4n+l is 
not k-graceful if k is odd ; and cycle Cd,+, is not k-graceful for aIll k. 
A study of k-graceful graphs is in preparation [ZO]. 
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